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ABSTRACT
We model the evolution of planets with various masses and compositions. We investigate
the effects of the composition and its depth dependence on the long-term evolution of the
planets. The effects of opacity and stellar irradiation are also considered. It is shown that the
change in radius due to various compositions can be significantly smaller than the change in
radius caused by the opacity. Irradiation also affects the planetary contraction but is found to
be less important than the opacity effects. We suggest that the mass-radius relationship used
for characterization of observed extrasolar planets should be taken with great caution since
different physical conditions can result in very different mass-radius relationships.
Key words: planetary systems – planets and satellites – opacity – equation of state
1 INTRODUCTION
In order to characterize the many hundreds of exoplanets that have
been discovered, it is necessary to determine their internal structure
and composition. Detailed structural models such as those com-
puted for the planets of our solar system are not yet possible due to
lack of the necessary observationally-measured parameters. How-
ever, for many exoplanets masses and radii are available, and a
number of studies have looked at the mass-radius relationship ex-
pected for such objects.
Some studies arrive at an empirical mass-radius correlation
based on observational data (Weiss et al. 2013), and others obtain
the mass-radius relation from theoretical evolution / interior mod-
els. Marley et al. (2007) studied the early evolution of gas giants
and Mordasini et al. (2012) examined the mass-radius relationship
in the context of formation scenarios, but these studies relied on one
particular choice of opacity. Fortney et al. (2007) computed model
radii of various compositions and planetary masses by using sim-
plified equation of state (EOS). Baraffe et al. (2008) modeled gas
giants and super-Earths using EOS for water and rocky material,
including SESAME and ANEOS. It was shown that for certain con-
ditions the radius-mass relation can be substantially affected by the
composition of the high-Z material, its mass fraction, its distribu-
tion within the planet, and the EOS used to describe it. Here too, the
assumed opacity was the same for all compositions. Burrows et al.
(2007) and Guillot (2010) studied the effect of the presence of
heavy-elements and different opacities. The Burrows et al. (2007)
work scaled abundances of elements up by various factors, recal-
culated equilibrium chemistry, and used the chemical abundances
⋆ E-mail: allonava@post.tau.ac.il
to calculate opacities. Although the gas opacities were tied to at-
mospheric metallicity, grain opacities were not considered. Guillot
(2010) used a semi-grey atmosphere model which is parameterized
as a function of mean visible and thermal opacities. No attempt
was made to tie the grain opacity to the atmospheric metallicity in
a self-consistent manner. Valencia et al. (2013) modeled the low-
mass dense planet GJ-1214b, composed mainly of H2O. They ex-
amined the grains’ impact on the inferred envelope composition by
using a fit for gas opacity tables. However they did not calculate
the grain opacity directly, but used an extrapolation from the opac-
ity tables of Alexander & Ferguson (1994) .
Adding high-Z material to a planet does not only change the
density everywhere inside the planet, but it also changes the opac-
ity. The precise value of the opacity change depends on the chem-
ical composition (Fortney et al. 2008), as well as on the details of
the grain size distribution. This size distribution depends, in turn,
on the interplay of processes such as sedimentation and coagulation
of grains (Podolak 2003; Movshovitz & Podolak 2008) as well as
the condensation and evaporation of volatiles at different depths
within the planet. The numerical complexity of the problem makes
it difficult to do a study of the relevant parameter space for giant
planet evolution which includes all the details of the microphysics.
On the other hand, the high-Z material undoubtedly changes the
opacity and can strongly influence the structure and evolution of
the planet. In this study we use a relatively simple model to inves-
tigate the effect of the planetary composition and opacity on the
long-term evolution. We investigate the effect of metallicity on the
mass-radius relation for various planetary masses and compositions
when the high-Z component is included in both the equation of state
and opacity calculations.
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2 MODEL
2.1 Planetary Evolution Code
We compute the evolution of a non-rotating spherically symmet-
ric protoplanet using a stellar evolution code that has been adapted
to deal with bodies of planetary mass (Helled et al. 2006, 2008;
Vazan & Helled 2012). The code uses an adaptive mass zoning that
is designed to yield optimal resolution (Kovetz et al. 2009). The
planet is assumed to be composed of a solar mix of hydrogen and
helium with an additional high-Z component. This additional com-
ponent can be either SiO2 (rock) or H2O (water), and can be either
segregated in a central core or mixed with the hydrogen and he-
lium. Models with both a core and a heavy element envelope are
also considered. Details of the code can be found in Kovetz et al.
(2009).
2.2 Equations of State
For hydrogen and helium we used the equation of state tables
from the work of Saumon et al. (1995). For given pressure and
temperature, these tables list—either for H or for He—the den-
sity ρ(p, T ), the specific entropy s(p, T ) and the specific internal
energy u(p, T ). We have used our own stellar EOS (Kovetz et al.
2009) in order to extend these tables to lower pressures and tem-
peratures.
For H2O and SiO2 we compute an equation of state based
on the quotidian equation of state (QEOS) described in More et al.
(1988). This combines the Cowan ion equation of state with the
Thomas-Fermi model for the electrons. Following Young and
collaborators (Young & Corey 1995; More et al. 1988) we have
constructed our own, more extensive, QEOS tables. Since stable
molecules do not exist according to the Thomas-Fermi model, we
treated compounds, such as H2O or SiO2, as mixtures of atoms,
in which the individual Wigner-Seitz cells were fixed by requiring
their surface pressures to be equal. Isotherms with segments along
which ∂p(ρ, T )/∂ρ < 0 were replaced by phase equilibria, deter-
mined by equating the specific Gibbs functions of the two phases.
For given density ρZ and temperature T , the QEOS tables yield the
pressure pZ(ρz, T ), the specific internal energy uZ(ρz, T ), and the
specific entropy sZ(ρz, T ); here Z denotes either SiO2 or H2O.
Figures 1 and 2 present the resulting QEOS for a large range
of temperatures and densities for quartz (SiO2) and water (H2O),
respectively. Isotherms are presented for density-pressure (left pan-
els) and entropy-pressure (right panels). The density jumps indicate
a phase transition from vapor to solid. As expected, the density dis-
continuity disappears at higher temperatures. It is important to note
that in addition to the obvious density change accompanying the
phase change, there is also a decrease in entropy during a phase
transition from vapor to solid. The jump in entropy due to a phase
transition can have an important effect on the energy budget of the
planet. Figure 3 compares the QEOS (black) with the ANEOS (red)
and SESAME (blue) equations of state as given in Baraffe et al.
(2008). The two isotherms are for temperatures of 300 K (solid)
and 6000 K (dashed-dot). As can be seen from the figure, there is a
good agreement between the widely used EOS calculations and the
QEOS.
For the treatment of a mixture of hydrogen, helium and a
heavy-Z compound—either quartz or water—we proceed as fol-
lows: If m is the mass of the mixture, then V = m/ρ , where ρ is
its density. Similarly, Nivi = Vi = mi/ρi , where mi is the mass
of the i’th species, and ρi(p, T ) its density. The additive-volume
law (Eq.11 of the Appendix) can be written in the form
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Figure 1. Equation of state of SiO2. Left panel - density vs. pressure for
isotherms. Right panel - entropy vs. pressure for isotherms.
1
ρ
=
∑ Xi
ρi(p, T )
, (1)
where Xi = mi/m is the mass fraction of the i’th species. All the
species are manifestly at the same pressure and temperature, and
the last equation can be regarded as the (implicit) formula for the
pressure of the mixture as a function of the density, the temperature
and the mass fractions.
For a mixture of hydrogen, helium and a compound Z—
either SiO2 or H2O—we must take account of the fact that the
Saumon et al. (1995) tables for H or He list ρH(p, T ) or ρHe(p, T ),
whereas our quartz or water tables list pZ(ρZ , T ). We therefore
write eq.1 in the form
1
ρ
=
X
ρH(pZ(ρZ, T ), T )
+
Y
ρHe(pZ(ρZ , T ), T )
+
Z
ρZ
, (2)
and, for given (ρ, T,X, Y, Z), solve this equation by iterating on
ρZ . When this has converged, the three materials are all at the same
pressure p = pZ and temperature T , and we have the three densi-
ties, as well as the pressure, as functions of (ρ, T,X, Y, Z). More-
over, we also have the specific internal energies and entropies for
each of the three species. See the Appendix for mixture calculation
of energy and entropy.
2.3 Opacity Calculation
In order to properly account for the high-Z material, we consider
both grains and gas in the opacity calculation. The grain opacity de-
pends on the number of grains, their composition and size distribu-
tion. The exact form of the size distribution depends on the details
of the grain microphysics, and this is beyond the scope of our study.
For simplicity we consider a single size distribution of spherical
grains. Their scattering and absorption cross sections are computed
using the standard formulas of Mie theory (see, e.g. van de Hulst
1957). The complex refractive index of H2O is taken from Warren
(1984), while for SiO2 we use the refractive index for olivine taken
from Dorschner et al. (1995).
The cross section for extinction at a frequency, ν by a grain
of radius a is σν = Qν(a)pia2 where Qν(a) is the extinc-
tion efficiency given by Mie theory, calculated as described in
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. Same as Fig. 1 but for H2O.
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Figure 3. Isotherms of SiO2 (left) and H2O (right) as computed from
ANEOS (red), SESAME (blue) and the QEOS (black) for 300 K (solid)
and 6000 K (dash-dot).
Podolak & Zucker (2004). Once the efficiency is known, the opac-
ity for grains of radius a at this frequency can be computed from
κgrainν =
n(a)Qν(a)pia
2
ρgas
(3)
where ρgas is the background gas density, and n(a) is the number
density of grains. Both the gas and grains contribute to the radiative
opacity which is computed as the sum of gas and grain opacities,
integrated over the frequency in order to form the Rosseland mean.
The gas opacities are taken from tables of opacity kindly supplied
by A. Burrows and based on the work of Sharp & Burrows (2007).
In order to approximate the vaporization of grains, we employ
the following algorithm: at each point in the planetary envelope we
compute the partial pressure of the high-Z component assuming
that all of the material is in the gas phase. We then compare this
with the equilibrium vapor pressure of the material at that temper-
ature. If the partial pressure is lower, we assume that all the high-Z
material is in the form of vapor, otherwise it is assumed to be in
the form of grains. Although this is a simplified approximation of
the actual situation it is found to reproduce the results of more de-
tailed calculations. The expressions for the vapor pressures of ice
and rock as a function of temperature are taken from Podolak et al.
(1988). At very high densities, such as in the planetary core/center,
the radiative opacity becomes very high, and the electron thermal
conductivity becomes a much more efficient means of transferring
heat. In this regime it is the conductive opacity that dominates.
The conductive opacity is calculated using the tables presented by
Potekhin et al. (1999). The effective opacity is taken to be the har-
monic mean of the opacities; κ = 1/(κrad−1 + κcond−1) where
κrad and κcond are the radiative and conductive opacities, respec-
tively.
Planetary evolution calculations commonly use opacity tables
based on the work of Pollack et al. (1985) for early solar nebula
(hereafter - solar opacity) or of D’Alessio et al. (2001) for T Tauri
disks. These opacities are calculated for grains containing a mixture
of materials. In order to compare our opacity calculations more di-
rectly with those of Pollack and D’Alessio we compute the opacity
for grains consisting of a 0.63:0.37 mixture of H2O and SiO2 by
mass. This is approximately the ratio expected for a solar mix of
elements. We assume that the materials are well mixed, and com-
pute the refractive index of the mixture using the Clausius-Mossotti
relation (Marion 1965).
Figure 4 shows the calculated opacity (solid curves) as a
function of temperature for gas densities of 10−9 g cm−3 (left
panel) and 10−6 g cm−3 (right panel). Unless otherwise stated,
we assume a grain size of 10−4 cm for all calculations, and that
the heavy elements are mixed with the gas. We present here the
opacity-temperature relation for Z= 0.0073, 0.02, 0.05, 0.1, and
0.2. For comparison, also plotted are the opacities calculated by
Pollack et al. (1985) (blue dotted curve) and D’Alessio et al. (2001)
(black dotted curve). Both the Pollack et al. and the D’Alessio et al.
calculations are for solar composition, i.e. Z∼ 0.02. As expected,
a larger abundance of heavy elements increases the opacity val-
ues. One can see the sharp drop around log T = 2 where the ice
evaporates from grains and the sharper drop around log T = 3.5
where the rock evaporates. At higher temperatures the heavy ele-
ments affect the opacity as vapors. The rise in opacity due to the
influence of the H− ion can be seen. It starts right after the grains
evaporate, then as the temperature increases a subsequent decrease
occurs as the Kramers-type opacity becomes important. This result
fits well with the Pollack et al. and D’Alessio et al. tables. At the
higher density, the ionization occurs at higher temperatures, and
the asymptotic regime is not reached in the temperature range we
consider. The gas opacity (green dashed curve) is also plotted to
emphasize the importance of the grain contribution.
The grain size distribution in planetary interiors is unknown
and, in addition, the grain radii can change with time due to physi-
cal processes such as coagulation, sedimentation, evaporation, etc.
The assumed grain radius has a significant effect on the calculated
grain opacity by changing the surface area that corresponds to a
given mass. While for a given composition small grains have larger
surface area, if they are small enough their extinction efficiency
drops quickly with radius. The left panel of Figure 5 shows the
effect of varying the grain size between 10−5 and 10−1 cm for
Z= 0.02 and constant component (H2O/SiO2 ratio). At the low-
est temperatures, where the longest wavelengths contribute to the
Rosseland mean, the opacity drops by roughly an order of mag-
nitude as the grain radius increases from 10−2 to 10−1 cm. As
the temperature increases and shorter wavelengths contribute to
the Rosseland mean, smaller grains yield larger opacities until the
temperature of vaporization of the rock component is reached. At
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. Opacity as a function of temperature for log ρ = −9 (left panel)
and log ρ = −6 (right panel) for a grain radius of 10−4 cm composed
of H2O and SiO2. The solid curves are our calculation for different val-
ues of Z. The opacities of Pollack et al. 1985 (blue dashed curve) and
D’Alessio et al. 2001 (black dashed curve) are shown for comparison. The
green dashed curve shows the opacity due to gas alone (Sharp & Burrows
2007).
this point the opacity becomes independent of grain size. Clearly,
the grain size has a substantial effect on the opacity, and we can
therefore expect the planetary evolution to depend, not only on the
composition, but also on the assumed grain sizes. These effects are
presented in detail in the following sections.
Finally, there is the dependence on composition. First of all,
different materials have different refractive indexes, but more im-
portantly, they evaporate at different temperatures. Since the va-
porization temperature of H2O is much lower than that of SiO2
the drop in opacity at the ice vaporization point will vary as the
H2O/SiO2 ratio in the grain varies. The right panel in Figure 5
shows the opacity as a function of temperature for grains with dif-
ferent mass fractions of ice for the case of 10−4 cm grains at a gas
density of 10−9 g cm−3. In all cases (except for that of no ice), the
drop in opacity at the ice evaporation point around log T = 2.3 is
clearly visible. Note that there is a considerable difference between
a grain with an H2O mass fraction of 0.99 and a grain with an H2O
mass fraction of 1.0. This is due to the residual SiO2 in the grain
which is absent in the pure H2O case. After the grains evaporate
the different curves converge since the gas opacity calculation does
not account for the composition of the high-Z material but only for
its mass fraction. The opacity calculation after grain evaporation
appears in the Appendix.
The ratio of gas to grain opacity varies with grain size, Z-
fraction, density and temperature. Grains can increase the opacity
by 2-8 orders of magnitude. For low temperatures the gas opacity
is negligible in comparison to that of the grains. After the grains
evaporate, the contribution of the grains’ vapor to the opacity is 1-3
orders of magnitude. Therefore, even a small fraction of grains in
the planetary envelope can decrease the radiative flux substantially,
and slow the contraction of the planet.
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Figure 5. Left panel - Opacity as a function of temperature for different
grain sizes for the case where log ρ = −9, Z= 0.02. Also shown are
the opacities of Pollack et al. 1985 (blue dashed cuvre) and D’Alessio et al.
2001 (black dashed curve) for comparison. Right panel - Opacity as a
function of temperature for grains with different ice fractions. In all cases
Z= 0.1, log ρ = −9 and the grain size is 10−4 cm.
3 MODELING THE PLANETARY EVOLUTION
3.1 Evolution of Various Compositions - 1 MJ with Solar
Opacity
In order to understand the effect of the composition and its depth
dependence on the planetary evolution we first calculate the evolu-
tion of a 1 MJ planet with various compositions and internal struc-
tures. Figure 6 shows the planetary radius as a function of time for
a 1 MJ planet composed of 0.5 H2O by mass and H/He in the so-
lar ratio. For comparison, also presented are the results found by
Baraffe et al. (2008). The dashed curves show evolutionary curves
for the case where the H2O and the H/He are mixed throughout the
planet. The blue dash-dot curve is for our calculation with QEOS,
and the red curves are the calculations of Baraffe et al. (2008) for
the ANEOS EOS (dash-dot curve) and the SESAME EOS (dashed
curve). As can be seen from the figure, the QEOS gives an evolu-
tionary track that falls between that of ANEOS and SESAME. The
solid curves are for the case where all of the H2O is sequestered in
the core, and the envelope is a pure H/He mix. The blue curve is for
our calculation with QEOS, the red curve is for the calculation of
Baraffe et al. (2008) using the ANEOS EOS for the core. It should
be noted that in addition to the differences in the equations of state,
the conductive opacities associated with ANEOS also differ some-
what from the Potekhin et al. (1999) opacities used in our code.
In spite of these differences, the agreement between the evolution
curves is excellent.
The difference between the models due to the uncertainties in
the EOS amount to approximately 10% of the radius as found by
Baraffe et al. (2008). For the case of the particularly high value of
Z = 0.5, presented in figure 6, the distribution of the material is
important. The mixed and core-envelope (metal-free) models differ
in radius by 5%. Replacing H2O by SiO2 in core-envelope model
leads to a ∼ 5% smaller radius, while in the totally mixed model
the difference is ∼ 15%.
For lower values of Z the models become less sensitive to the
distribution of the high-Z material. Figure 7 shows the evolutionary
tracks for models that have Z = 0.2. The blue curves correspond
for H2O while the red curves correspond for SiO2. The solid curves
c© 0000 RAS, MNRAS 000, 000–000
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Figure 6. Radius as a function of time for a 1 MJ planet with a solar ratio
of hydrogen to helium and Z = 0.5 in the form of H2O. The blue solid
curve is for a model where all the H2O is in the core. The blue dash-dot
curve shows the evolution for the case where the H2O is mixed with the
H/He. Shown for comparison are the models of Baraffe et al. 2008 for H2O
core (red solid) and for the mixture using the ANEOS (red dash-dot) and
SESAME (red dash) EOS.
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Figure 7. Radius as a function of time for a 1 MJ planet with Z = 0.2.
The blue and red curves are for H2O and SiO2, respectively. Solid curves
correspond to cases in which all the high-Z material is in the core, while
dashed curves correspond to fully mixed planets.
represent evolution models assuming that all the heavy elements
are concentrated near the center with a metal-free H/He envelope,
while the dashed curves are the results for the cases in which the
heavy element mass is homogeneously mixed within the planet. For
this particular case, the difference between H2O and SiO2 mod-
els is ∼ 5% while the difference between models with a core and
fully mixed models is negligible. We can therefore conclude that
for giant planets with relatively small factions of high-Z material
(Z. 0.2) no inner structure information can be derived from the
mass-radius relation.
3.2 Modeling the Planetary Evolution - 1 MJ with
Self-Consistent Opacity
The models presented above were computed using standard opac-
ity tables assuming a solar-composition that are common in plan-
etary evolution modeling (solar opacity). However, as mentioned
above, the additional high-Z material contributes to the opacity as
well. If the material is in the form of grains, this contribution be-
comes substantial. As a result, we repeat the above calculations
with our own grain+gas opacities. It is known that the grain size
distribution inside an evolving planet is different from that observed
in the interstellar environment, since the grains in a planet can
grow by coagulation (Podolak 2003; Movshovitz & Podolak 2008;
Movshovitz et al. 2010). Here we only consider a single grain size
distribution, in order to estimate how important opacity effects are.
Figure 8 shows the evolutionary track for a 1 MJ planet with
Z = 0.2. For these models half the high-Z material is in the core
(core mass is ∼30 M⊕ ) while the other half is uniformly mixed
throughout the envelope. It will be recalled that for Z = 0.2 the
radius is not sensitive to the exact distribution of the high-Z ma-
terial, and we have chosen something intermediate between hav-
ing all the high-Z material in the core and having it mixed com-
pletely throughout the planet. The solid curves show the evolution
for the case with solar opacity as presented above, for H2O (blue)
and SiO2 (red). The red dash-dot curve shows the SiO2 model with
the grain opacity of the additional material included in the form
of 10−4 cm-sized grains. The SiO2 track shows that this additional
opacity can have a much larger effect on the radius than uncertain-
ties in either the composition or the equation of state. Increasing
the grain size to 10−2 cm, reduces the total surface area of the grain
component, and this reduces the opacity accordingly, as shown by
the red dotted curve. Clearly, larger grain sizes result in lower opac-
ity which accelerates the planetary contraction, and leads to more
compact configurations at a given age. We conclude that the opac-
ity of the high-Z material has a substantial effect on the planetary
evolution, and that the effect of different grain sizes is more signifi-
cant than the effect of composition. Therefore, one must be cautious
when using the mass-radius relationship to infer the planetary com-
position.
The case with pure H2O opacities, corresponding to Z = 0.1
in the envelope (blue dash curve), gives an evolutionary track
much more similar to those computed with the solar opacities
(Pollack et al. 1985) . This is because the H2O grains evaporate
at T ∼ 200K. The Pollack et al. (1985) opacities contain refrac-
tory materials in addition to ice, and therefore in that calculation,
grains survive and contribute to the opacity at much higher temper-
atures. The sensitivity to even a small amount of refractory mate-
rial is shown by the red dash-dot curve, where the ice grains are
now composed of 99% H2O and 1% SiO2. In this case, the plane-
tary radius is again much larger than that computed using the solar
opacities. Even a very small fraction of silicate grains is enough to
affect the opacity, and therefore the planetary contraction, signifi-
cantly. The merging of the H2O and SiO2 curves at the later stages
of evolution appears to be coincidental. Jupiter is represented by the
black asterisk. These results demonstrate the importance of opac-
ity on planetary contraction, and emphasize the need to model this
effect properly. Clearly the impact of different grain sizes and their
corresponding opacities on the planetary evolution is greater than
the effect of the assumed EOS, the planetary composition, and the
internal structure.
As discussed earlier, the assumed grain size in the opac-
ity calculation has a substantial effect on the planetary evolution.
c© 0000 RAS, MNRAS 000, 000–000
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Figure 8. Radius as a function of time for a 1 MJ planet with Z = 0.2. Half
the high-Z material is in the core (0.1 MJ ) and the rest is homogeneously
mixed throughout the envelope. If we use solar opacity, the evolution is
given by the solid curves for H2O (blue) and SiO2 (red). The blue dashed
curve is for our opacities assuming 10−4 cm grains and pure H2O. The
dash-dot curves are for H2O grains with 1% SiO2 included (blue) and for
pure SiO2 (red). The dotted curve is for SiO2 with 10−2 cm grains. See text
for a full discussion.
We next repeat the evolution calculation of the previous structure
(0.1 MJ core + envelope withZ = 0.1), for various grain sizes. The
heavy elements in these simulations are represented by SiO2. We
also show an evolutionary track without the additional high-Z opac-
ity for comparison. Here, different grain sizes appear to change the
planet radius by 15%. The results are shown in figure 9.
Figure 10 shows the evolution of the physical properties, i.e.,
the central and effective temperatures, central density and luminos-
ity, of the cases presented in figure 8. Central temperature (upper-
left panel) of the planets with the opacity calculation included are
higher during evolution (slower heat release), and the central den-
sity (lower-left panel) are lower, respectively. It can be seen from
the figure that planets with SiO2 cores cool at a faster rate, prob-
ably due to more efficient conductivity. As expected, the central
density of planets with SiO2 cores are higher than those of H2O
cores. From the panel which shows the effective temperature we
can conclude that during the early phases of the planetary evolution
the differences between the different models are significant but they
decrease with time, and after ∼ 108 years the differences are rel-
atively small. When fitting Jupiter’s observed temperature (black
asterisk) we find that all the models we consider fit equally well,
and we therefore suggest that without additional constraints on the
density profile such as gravity data, which is the case for extrasolar
planets, it is not possible to distinguish between the different con-
figurations just by measuring the mass, radius, and effective tem-
perature.
3.3 Modeling the Planetary Evolution - 1 MJ with Irradiation
Another effect that can affect the radius of an evolving planet is
irradiation by the parent star. We investigate this effect by assuming
that the irradiation is incident on the planet isotropically. Details on
the implementation of irradiation in the model can be found in the
Appendix. We run models where the irradiation is equivalent to that
received by a planet at 1 AU, 0.1 AU, and 0.05 AU from a sun-like
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Figure 9. Same model as in figure 8, for SiO2 grains with radii of 10−4 cm
(green), 10−2 cm (red), and 10−1 cm (cyan). The evolution for the solar
opacity is also shown (blue dashes).
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Figure 10. Central temperature (upper-left), central density (lower-left),
effective temperature (upper-right) and luminosity (lower-left) as a func-
tion of time for a 1 MJ planet, for the cases of Fig. 8. Again, the blue and
red curved correspond to H2O and SiO2, respectively, and the solid curves
represent cases with solar opacity. Black asterisks correspond to Jupiter.
star, and compare these cases to the case of an isolated planet (no
irradiation).
The results are shown in the left panel of Figure 11. In order to
compare the effect of irradiation with that of the assumed EOS, also
presented are the evolutions with the ANEOS and SESAME equa-
tions of state as computed by Baraffe et al. (2008). As can be seen
from the figure, the effect of irradiation on the planetary radius as a
function of time is much smaller than the uncertainties in the equa-
tion of state. As expected, for planets with significant abundances
of heavy elements the effect of irradiation on the planetary radius
at later times is small, even in comparison to the EOS uncertainty.
Also shown in the right hand panel of Figure 11 are evolutions in
which the opacity effect is included. We consider both the isolated
and irradiated cases, and two different grain sizes. Although irradi-
ation increases the temperature of the outer layers, the temperature
at the photosphere does not reach values large enough to evapo-
rate all the grains, even at 0.05 AU. As a result, the opacity remains
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Figure 11. Left panel - Radius as a function of time for a 1 MJ planet with
Z = 0.5 H2O mixed throughout the volume. Irradiation is from an external
source at distances of 1 AU (blue), 0.1 AU (green), and 0.05 AU (red) com-
pared to an isolated planet (cyan). These are compared with the calculations
of Baraffe et al. 2008 using the ANEOS (dotted curve) and SESAME (dash-
dot) EOS. Right panel - The effect of including the grain opacity of all the
high-Z material. Shown are comparisons between an isolated planet with
10−4 cm grains (red) compared to an irradiated planet at 0.05 AU (cyan)
and an isolated planet with 10−2 cm grains (purple) compared to an irradi-
ated planet at 0.05 AU. The models of the left hand panel are included for
comparison.
relatively high and leads to a slower contraction than for the case
with the solar opacity. Clearly, the change in radius due to irradi-
ation is small compared to the increase due to the inclusion of the
opacity of the additional high-Z material. It should be noted that
in computing the effect of irradiation we considered only the in-
cident radiation from the star. If ohmic dissipation operates in the
convective zones of close-in planets (Batygin & Stevenson 2010),
or occurs in the atmospheres of these planets (Perna et al. 2010),
the effect of irradiation on radius could be larger than anticipated.
3.4 Modeling the Planetary Evolution - 20M⊕
In this section we model the evolution of planets with masses of
20M⊕ , representative of Uranus and Neptune, and intermediate-
mass extrasolar planets. Figure 12 shows some representative cases.
The blue solid curve shows the evolutionary track for a planet con-
taining Z = 0.5 of H2O that is completely mixed throughout the
volume. For comparison, also shown are the models computed by
Baraffe et al. (2008) using the ANEOS (dots) or SESAME (dash-
dot) equations of state. Increasing the heavy element fraction in
the planet up to Z = 0.9 (green curve) decrease the radius by
about 70-80%. In that case, which might be a representative case
for intermediate-mass planets, the actual distribution of the heavy
elements can lead to differences of about 15% in the planetary ra-
dius (red curve). The change in radius due to the composition of
the heavy elements is significantly smaller (cyan).
Inserting self-consistent opacity calculation to the evolution of
20M⊕ planets leads to a significant change in the planetary radius.
When the heavy elements are assumed to be homogeneously mixed
for cases with Z = 0.5 (blue dashed) and Z = 0.9 (green dashed)
the radius increases by 50-70% and 40-50%, respectively. This is
significantly larger than the change for the 1 MJ case, where similar
heavy element conditions (EOS and opacity) results in 20-30% in-
crease in radius. It should be noted that for large fractions of heavy
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Figure 12. Radius as a function of time for a 20 M⊕ planet. Shown are
models for H2O planets where the H2O is mixed throughout the planet for
Z = 0.5 (blue) and Z = 0.9 (green) - Solid curves present evolution using
solar opacity and dashed for the same model with our opacity calculation
for appropriate Z fraction. Also shown are two examples with Z = 0.9
when all the heavy material segregated in the core for H2O (red) and SiO2
(cyan). For comparison we show models of Baraffe et al. 2008 where the
H2O, with Z = 0.5, is completely mixed throughout the planet, and the
EOS is computed from ANEOS (dot grey) and SESAME (dash-dot grey).
elements the derived evolutions are similar since under those con-
ditions the bulk of the planet is convective which results in a similar
efficiency of the heat transfer. Indeed, Valencia et al. (2013) found
that for the small dense planet GJ-1214b opacity doesn’t change the
evolution substantially. Their result is in agreement with our expec-
tations for such an object. For less dense objects, the presence of
grains will have a much larger effect on the evolution.
Figure 13 shows the opacity distribution within the planet
as time evolves with (left panel) and without (right panel) self-
consistent opacity calculation. Two cases are presented: mixed
planets (upper panel) in which the heavy elements are homoge-
neously distributed and internal structure of a core and envelope
(lower panel). In both cases the heavy element mass fraction is
taken to be 0.8. As can be seen from the figure, the region which
is mostly affected by the radiative opacity, in both cases, is the out-
ermost layers in which the temperatures are lowest and grains can
survive. For the core and envelope models the conductive opacity is
more dominant throughout the core region, and therefore the opac-
ity is low. The opacity in the outer layers, however, is high, and as
a result, the contraction of the planet is slower.
The effect of irradiation on the evolution of 20 M⊕ planet
is shown in Figure 14. Similarly to the case of 1 MJ planet, the
change in radius due to the opacity is larger than the effects of ir-
radiation and assumed EOS. However, irradiation has a greater im-
pact on 20 M⊕ planets. The planetary radius can change by up to
15%. Again, it is found that the uncertainty in grain size leads to
a significant difference in the derived radius-mass relation, of the
order of 50%. Here, too, we can conclude that the mass-radius rela-
tionship does not necessarily yields the planetary composition and
internal structure.
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Figure 13. Planetary opacity within the planet as a function of time. We
compare two cases of 20M⊕ planets with Z = 0.8: homogeneously mixed
(upper panels) and core+envelope (lower panels), with solar opacity (left
panels) and self-consistent opacity (right panels).
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Figure 14. Similar to Figure 11 (right panel) but for 20 M⊕ planets. Shown
are comparisons between an isolated planet with solar opacity (green) com-
pared to an irradiated planet at 0.1 AU (cyan) and 1 AU (red) and iso-
lated planets with our opacity calculation for 10−3cm grains (purple) and
10−1cm grains (blue) .
4 SUMMARY
We have computed evolutionary tracks for planets of 1 MJ and 20
M⊕. We have explored the effects of composition (H2O vs. SiO2),
high-Z-material distribution (core-envelope vs. uniformly mixed),
grain opacity, and irradiation. We find that the most important ef-
fect is that of the grain opacity due to the additional high-Z material
in the envelope. This has the potential of increasing the computed
radius of the planet by several tenths. However, the precise effect
is difficult to compute accurately. Our calculation assumes that the
grains are affected by temperature changes during evolution, but
that the ratio of high-Z material to H/He remains constant with
time. Coagulation and sedimentation of grains will change this ratio
as the planet evolves, and we may expect that the additional grain
opacity will decrease with time. We hope to address this complex
problem in a future study.
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5 APPENDIX
5.1 Mixtures
For a collection of pure, unmixed substances, each of Ni particles,
the (extensive) Gibbs function is
G(p, T, N1, N2, ...) =
∑
Niµi(p, T ), (4)
where µi(p, T ) is the chemical potential of the i’th substance. We
have
µi(p, T ) = ui − Tsi + pvi, (5)
where ui, si and vi are per particle. The volume of the i’th sub-
stance is Nivi . We have
dµi(p, T ) = −sidT + vidp. (6)
Upon mixing, the (extensive) Gibbs function is of the same form
as before, GM =
∑
Niµ
M
i , but with different µMi ’s, which we
expect to depend, in addition to p and T , on ratios of the Ni’s, or
on the concentrations ci = Ni/N , where N =
∑
Ni. Lewis and
Randall’s formulae for an ideal mixture, which actually hold when
the substances are ideal gases, are
µMi (p, T,N1/N,N2/N, ...) = µi(p, T ) + kT ln
Ni
N
, (7)
whatever the nature of the substances, that is, whatever the µi(p, T )
(k denotes Boltzmann’s constant). According to this assumption,
the Gibbs function for the ideal mixture is
GM =
∑
Niµ
M
i =
∑
Niµi(p, T ) + kT
∑
Ni ln
Ni
N
. (8)
We shall denote
Smix = −k
∑
Ni ln
Ni
N
, (9)
and justify this name later. From eq.8 we obtain
dGM =
∑
Ni(−sidT+vidp)−SmixdT−TdSmix+
∑
µidNi, (10)
from which we can read off
V =
∂GM
∂p
=
∑
Nivi(p, T ), (11)
which is the additive-volume formula. Secondly,
S = −
∂GM
∂T
=
∑
Nisi(p, T ) + Smix, (12)
which justifies the name ‘mixing entropy’ (and the notation of
eq.9). Finally,
U = GM + TS − pV (13)
=
∑
Niµi − TSmix + T (
∑
Nisi + Smix)− p
∑
Nivi
which, in accordance with eq.5, reduces to the additive-energy for-
mula
U =
∑
Niui(p, T ). (14)
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It should, perhaps, be noted that the formula 9 for the mixing
entropy, the additive-volume formula 11, and the additive-energy
formula 14 are not independent assumptions: they are all conse-
quences of the single Lewis-Randall assumption 7.
Consider now the differential of U , which is needed in a state-
ment of the first law of thermodynamics:
dU =
∑
(uidNi+Nidui) =
∑
uidNi+
∑
Ni(Tdsi−pdvi).(15)
After some reduction (Nidsi = d(Nisi) − sidNi , Nidvi =
d(Nivi)− vidNi), this leads to
dU =
∑
(ui − Tsi + pvi)dNi + T
∑
d(Nisi)− pdV, (16)
or, finally,
dU + pdV = Td(
∑
Nisi) +
∑
µidNi. (17)
Note that the mixing entropy does not appear in this formula. Nor
do the Lewis-Randall chemical potentials of eq.7. It is, of course,
possible to use the differential of eq.9, namely
dSmix = −k
∑
ln
(Ni
N
)
dNi (18)
in order to write eq.17 in the alternative form
dU + pdV = Td(
∑
Nisi + Smix) +
∑
µMi dNi, (19)
in which Smix and µMi do appear, but the content of this equation
is the same as that of eq.17.
Evolutionary codes are based on the energy balance equation
(the first law of thermodynamics)
∂u
∂t
+ p
∂
∂t
1
ρ
= q −
∂L
∂m
, (20)
where u is the specific energy (energy per unit mass), 1/ρ is the
specific volume, q is the rate of energy deposition per unit mass (in
a planet, this may be due to frictional heating of falling planetes-
imals), and L(m, t) is the energy flux. The left hand side can be
calculated either from eq.17, or from its equivalent eq.19. In the
first case, the mixing entropy need not be calculated!
5.2 Vapor Opacity Calculation
In the regime where all the grains have evaporated, we used a sim-
ple analytical approximation based on the material on the web-
site ’http://www.astro.princeton.edu/∼gk/A403/opac.pdf’. At the
lower end of this temperature range the main contribution is from
molecular opacity, which, for a mass fraction Z can be approxi-
mated by
κm ≈ 0.1Z (21)
At higher temperatures, 4 × 103 . T . 8 × 103 K, the opacity
due to the negative hydrogen ion, H−, dominates. It can be approx-
imated by
κH− ≈ 1.1 × 10
−25Z0.5ρ0.5T 7.7 (22)
At temperatures where the material is partly ionized, (i.e T &
104 K) the opacity due to free-free, bound-free, and bound-bound
transitions is well approximated by the Kramers formula
κK = 4× 10
25(1 +X)(Z + 0.001)
ρgas
T 3.5
(23)
while for free electron scattering, a good fit to detailed theoretical
calculations by Buchler & Yueh (1976) is given by:
κe = 0.2(1+X)
[
1 + 2.7 × 1011
ρ
T 2
]−1 [
1 +
(
T
4.5 × 108
)0.86]−1
(24)
The total radiative opacity can then be found from
κrad ≈ κm + (κH−
−1 + (κe + κK)
−1)−1 (25)
These factors can be combined into a formula that is valid for a
large range of temperatures, 1.5× 103 6 T 6 109 .
5.3 Irradiation
The following discussion is based on Kovetz et al. (1988). Assum-
ing a constant net outward flux F , the temperature distribution in
a gray, plane-parallel atmosphere, in the lowest approximation, is
given by
σT 4(τ ) = (
3
4
τ +
1
4
)F, (26)
The constant 1
4
is chosen so that the coefficient of F is unity for
τ = 1 : thus, at the photosphere, where the optical depth is τS = 1
the actual temperature is equal to the effective temperature.
For a planet irradiated (normally) by a flux σT 4irr , the temper-
ature distribution in the outer layers, assuming a zero net outward
flux, is given by
σT 4(τ ) = g(τ )T 4irr, (27)
where
g(τ ) =
3
2
(1−
1
2
e−τ ). (28)
Since the radiative transfer equation is linear, the two solutions can
be superposed to yield the temperature distribution for an irradiated
planet in which the net outward flux is constant:
σT 4(τ ) = (
3
4
τ +
1
4
)F + g(τ )T 4irr. (29)
Thus, at the photosphere, where τ = τS = 1 , the luminosity is
L = 4piR2F = 4piR2σ[T 4 − g(τS)T
4
irr]. (30)
Note that, when Tirr > 0 , the actual photospheric temperature T is
no longer equal to the effective temperature TE . In fact, according
to the last equation,
T 4 = T 4E + g(τS)T
4
irr
= T 4E + 1.224T
4
irr . (31)
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